
CIRCLES, LINES AND CIRCLES, TWO CIRCLES

NIKOS APOSTOLAKIS

Reall: De�nition of a irle. Equation of a irle. How to �nd the enter and radius of a irle by

ompleting the square. A irle has an inside and an outside.

Exerises:

(1) Find the equation of the irle with enter (1,−2) and radius 5.
(2) Find the equation of the irle with enter (0, 3) and passing through the point (4, 5).
(3) For eah of the folloing points deide their relative position (i.e. whether they are inside,

on, or outside) with respet to the irle x2 + y2 = 4.
(a) (−1,

√
3)

(b) (1, 1)
() (2, 0)
(d) (−3, 1)
(e) (

√
2,−

√
2)

(4) Find the enter and the radius of the irle with equation x2 + y2 − 4x + 10y = −20
(5) Ditto for the irle 4x2 + 4y2 − 4x − 40y + 85 = 0
(6) How about the equation 2x2 + y2 − 4x + 4y + 5 = 0. Does it represent a irle? If not do

you know what shape it does represent?

Examples: Find the ommon points of the following irle and line.

(1) Cirle x2 + y2 = 1 and line x =
1

2
(2) Cirle x2 + y2 = 9 and line y = 2
(3) Cirle x2 + y2 = 4 and line x = −2
(4) Cirle x2 + (y + 3)2 = 5 and line y = 2x − 1.

(5) Cirle x2 + y2 = 1 and line x =
1

2
.

(6) Cirle (x − 2)2 + (y + 1)2 = 4 and line 2x + y = 10.
(7) Cirle (x − 1)2 + y2 = 1 and line 2x + y = 10.

(8) Cirle (x − 1)2 + y2 = 5 and line y = −
x

2
+ 3

Proposition: Given a irle and a line there are three possibilities: they meet at two points, they

touh at one point or they have no points in ommon.

Proof. The equation of the line an be solved for one of the variables. Substituting in the equation

of the irle gives a quadrati equation in one variable. Suh equation has zero, one, or two real

solutions (depending on the sign of the disriminant). �

De�ne: Tangent of a irle at a point. A line that touhes the irle.

Question: How an we �nd the tangent to a irle?

Let's see some Examples:

(1) Find the tangent to the irle c : x2 + y2 = 8 at the point P : (−2, 2).
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Solution. We �rst hek the vertial line that passes through the given point, i.e. the line

x = −2. Substituting into the equation of c gives:

(−2)2 + y2 = 8 ⇐⇒ 4 + y2 = 8

⇐⇒ y2 = 4

⇐⇒ y = ±2

So this line has two ommon points with the irle.

Next we hek non-vertial lines. Suh a line will have equation of the form y = mx + b.

In order for this line to ontain the point P we must have

2 = −2m + b ⇐⇒ b = 2m + 2

So the equation of a non-vertial line that passes through P has the form

l : y = mx + 2m + 2

Substituting this in to the equation of c, we see that the x�oordinate of the ommon points

of l and c must satisfy the equation:

x2 + (mx + 2m + 2)2 = 8 ⇐⇒ x2 + m2x2 + 4m2x + 4mx + 4m2 + 8m + 4 = 8

⇐⇒
(

m2 + 1
)

x2 +
(

4m2 + 4m
)

x + 4m2 + 8m − 4 = 0

In order for this equation to have only one (double) solution we need its disriminant to be

0. So we need:

(4m2 + 4m)2 − 4(m2 + 1)(4m2 + 8m − 4) = 0 ⇐⇒ 16m4 + 32m3 + 16m2 − 16m4 − 32m3

+ 16m2 − 16m2 − 32m + 16 = 0

⇐⇒ 16m2 − 32m + 16 = 0

⇐⇒ 16(m2 − 2m + 1) = 0

⇐⇒ m2 − 2m + 1 = 0

⇐⇒ (m − 1)2 = 0

⇐⇒ m − 1 = 0

⇐⇒ m = 1

So the equation of the tangent line has to be:

y = x + 4

�

(2) Find the tangent to the irle (x − 2)2 + (y − 3)2 = 5 at the point (1, 1).

Solution. A non-vertial line that passes through (1, 1) has equation y = mx − m + 1.
Substituting in the equation of the irle and expanding gives:

(m2 + 1)x2 − (4 + 4m + 2m2)x + (m2 + 4m + 3)

The disriminant of this equation turns out to be:

4(2m + 1)2

In order to have a single solution we need to have the disriminant 0, so we need:

m = −
1

2
In sum, the equation is:

y = −
x

2
+

3

2
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(3) Find the tangent to the irle x2 + y2 = 1 at the point (1, 0).

Proposition: The tangent of a irle at a point is perpendiular to the radius of the irle at the

same point.

Proof. We an hoose the oordinate system so that the origin is at the enter of the irle, the

irle has radius 1 and the point is (0, 1). Aording to example 2) above the tangent is x = 1 whih

is perpendiular to the radius.

Now whether two lines are perpendiular does not depend on the oordinate system hosen so it

follows that the tangent line of any irle at any point is perpendiular to the radius. �

Exerises: Use the above proposition to �nd the tangent of the given irle at the given point.

(1) Cirle (x + 1)2 + (y − 2)2 = 10, point (2, 3).
(2) Cirle x2 + (y − 1)2 = 2, point (−2, 1).
(3) Cirle (x + 1)2 + (x + 2)2 = 40 point (−3, 4).

(4) Cire x2 + y2 = 1 point (
2
√

2

2
,
−2

√
2

2
).

Projet: What are the relative positions of two irles? Give an example for eah of the �ve

possibilities shown in Figure 1. Are ther other posibilities?

I II III

IV V

Figure 1. Five possibilities for two irles

Exerises:

(1) Find the ommon points of the two irles:

(a) x2 + y2 = 4,
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(b) (x − 3)2 + y2 = 9
() (x − 1)2 + (y + 1)2 = 25, (x − 1)2 + (y − 1)2 = 4
(d) (x − 1)2 + (y + 2)2 = 4, (x − 4)2 + (y − 2)2 = 9

(2) A irle C1 is entered at (6, 8) and is tangent to the irle C2 : x2 + y2 = 25. Find the

radius of C1 and the point of ontat of C1 and C2.

(3) Extra Credit: Find the lous of the enters of all irles that have radius 2 and are tangent

to the irle x2 + (y − 1)2 = 9.


